This paper reviews a class of anisotropic plastic strain-rate potentials, based on linear transformations of the plastic strain-rate tensor. A new formulation is proposed, which includes former models as particular cases and allows for an arbitrary number of linear transformations, involving an increasing number of anisotropy parameters. The formulation is convex and fully three-dimensional, thus being suitable for computer implementation in finite element codes. The parameter identification procedure uses a micromechanical model to generate evenly distributed reference points in the full space of possible loading modes. Material parameters are determined for several anisotropic, fcc and bcc sheet metals, and the gain in accuracy of the new models is demonstrated. For the considered materials, increasing the number of linear transformations leads to a systematic improvement of the accuracy, up to a number of five linear transformations. The proposed model fits very closely the predictions of the micromechanical model in the whole space of plastic strain-rate directions. The r-values, which are not directly used in the identification procedure, served for the validation of the models and to demonstrate their improved accuracy.
Introduction
Numerical simulation has become an invaluable tool in sheet metal forming applications and several commercial computer codes are available for this purpose. The accuracy of the simulations directly depends on the ability of the simulation codes to describe the plastic behavior of the material during forming. The description of the initial anisotropy is one of the key factors in improving the reliability of the finite element simulations of forming processes. This is particularly true when final part properties like springback or forming limits are to be predicted.
The plastic anisotropy of sheet metals can be assessed by means of micromechanical calculations, considering the material as a collection of grains of different orientations, subject to a given loading path and obeying the Schmid law. Nevertheless, the large computing times associated with this method have prevented its wide utilization in an industrial environment. Alternatively, continuum mechanics provide a general theoretical framework for the socalled phenomenological description of plastic anisotropy. This approach is classically based on the use of yield functions /(r) and associated flow rules (1) for the computation of stresses and strain rates:
where r 0 designates the deviatoric part of the stress tensor r, _ e is the plastic strain rate tensor while _ k is the plastic multiplier. However, a potential can be defined either as a function of stresses (yield criterion) or as a function of strain rates (strain-rate potential). Ziegler (1977) and Hill (1987) have shown that, based on the plastic work equivalence principle, a meaningful strain rate potential can be associated with any convex stress potential (or yield surface). The yield criteria act as potential functions for the determination of the plastic strain rate using the flow rule. Equivalently, plastic potentials wð _ eÞ are defined in the space of plastic strain-rates and their gradient (2) defines the deviatoric stress (only associated flow rules are considered in the current work, although the theory on hand is not restricted to this particular case):
where s is a reference stress (e.g., the yield stress in uniaxial tension along a chosen direction). Formally, the two approaches are identical. Virtually any mathematical function used to define a yield criterion can be transformed in order to describe a plastic potential in the plastic strain-rate space Zhou and Wagoner, 1994) . For some applications (rigid-plastic FEM simulations (Yoon et al., 1995; Chung et al., 1996; Lee et al., 1997; Ryou et al., 2005) , minimum plastic-work path calculations (Chung and Richmond, 1992a Richmond, ,b, 1994 Chung et al., 2000) , analytical calculations of simple forming processes, etc.) the strain-rate potential approach can be computationally more suitable.
Fourth-order and sixth-order strain-rate potentials have been proposed as an adjustment of crystallographic texture functions (Van Houtte et al., 1989; Arminjon and Bacroix, 1991; Arminjon et al., 1994; Savoie and MacEwen, 1996; Van Bael and Van Houtte, 2003; Van Houtte et al., 2008) . In order to fit accurately polycrystalline plasticity predictions, up to 210 adjustable parameters are available in these functions. This approach offers the possibility to update the adjustable parameters e.g. during a finite element calculation, in order to take texture evolution into account. Such a development would require that polycrystal plasticity calculations are performed in parallel to the FE simulation; it also requires a sufficient accuracy of the plastic potential. The lack of convexity of the series-expansion potentials, the poor accuracy of the Taylor model as well as the associated complexity and large computing time has postponed the application of this concept. However, several attempts have been recently made to take texture evolution into account in finite element simulations. Habraken and Duchêne (2004) have reduced the number of required texture updates by using a local stress-strain interpolation, confined to a narrow neighborhood of the current stress point. Raabe and Roters (2004) and Böhlke et al. (2006) have implemented simplified, computationally-efficient crystal plasticity models into the FE code. Plunkett et al. (2007) used a visco-plastic self-consistent model to fit the parameters of their yield criterion (Cazacu et al., 2006) along several proportional loading paths, and demonstrated the improvement in the FE simulations for zirconium and tantalum.
A useful method to generate convex, full 3D yield criteria and strain-rate potentials is based on the linear transformation of the stress tensor or the plastic strain-rate tensor, respectively. Yield functions using the linear transformation of the stress tensor were proposed in the early 90s by Barlat et al. (1991) and Karafillis and Boyce (1993) . In an attempt to increase the number of parameters, two independent linear transformations have been used in the formulation of the plane stress potential Yld2000-2d (Barlat et al., 2000 (Barlat et al., , 2003 . Full 3D yield functions employing two linear transformations have been proposed by and Bron and Besson (2004) -the later also proposed a generic form of the yield criterion as a sum of more than two functions. In parallel, the strain rate potential Srp93 , which is the pseudo-conjugate of the Yld91 stress potential (Barlat et al., 1991) , was developed using a linear transformation of the plastic strain rate tensor. The strain rate potential Srp2003-2d, which is the pseudo-conjugate of the Yld2000-2d stress potential (Barlat et al., 2003) , was proposed by Kim et al. (2003a) subsequently. Recently, Barlat and Chung (2005) and Kim et al. (2007) proposed the two-transformation strain-rate potentials Srp2004-18p and Srp2006-18p, inspired from the expression of the yield criterion Yld2004-18p . All these potentials, as well as the recent proposal of Van Houtte et al. (2008) , are convex functions and thus are suitable for automatic parameter identification and FE implementation.
The increased flexibility of these potentials allowed both the uniaxial yield stresses and the corresponding r-values to be taken into account simultaneously for parameter identification. The later versions describe accurately such uniaxial tensile test results performed every 15°. Finite element simulation of springback as well as forming limit predictions have been performed by Kim et al. (2003b) and Chung et al. (2005) with Yld2000-2d and by Li et al. (2003) and Hiwatashi et al. (1998) with the sixth-order potential developed by Van Houtte et al. (1989) with very good results. Also, the number, position and relative height of the ears in cylindrical cup drawing are better predicted with recent yield criteria (see, e.g., Yoon et al., 2006) . In particular, Rabahallah et al. (2006 Rabahallah et al. ( , 2009 have shown that the Srp2004-18p potential predicts the initial anisotropy better than most of the existing phenomenological potentials for a very wide range of materials. This is a potentially interesting property since a unique mathematical function could be used for all the forming applications, while some former mathematical functions were known to perform better, e.g., for either bcc or fcc sheet materials, but not for both (Bacroix et al., 2003) .
The aim of this paper is to explore more systematically the use of linear transformations in the formulation of plastic strain-rate potentials and their ability to describe polycrystal plasticity. Since the Srp family of models has been initially designed with experiments-based identification in mind, the number of parameters was kept to a minimum. In order to increase their ability to describe crystal plasticity, the number of parameters is increased by allowing an arbitrary number of linear transformations. The structure of the paper is as follows. In Section 2, a general formulation is proposed involving an arbitrary number of linear transformations. This formulation includes former plastic strain-rate potentials as particular cases. The number of parameters is increasing with the number of linear transformations; their identification is tackled in Section 3 for six sheet metals -both bcc and fcc. Section 4 shows the ability of the different models to accurately predict the yield surface, the curves of plastic potential iso-values as well as the r-values for the selected materials. Details for the complete calculation of the plastic potential and its derivatives are given in appendix.
Formulation of the proposed model
As mentioned in the introduction, linear transformation of the stress tensor r by means of an anisotropic operator B provides a straightforward way to generalize isotropic yield functions to anisotropy (Barlat et al., 1991 Karafillis and Boyce, 1993) . The same technique can be applied to the plastic strainrate tensor _ e in order to generalize isotropic expressions of plastic potentials. The following linear transformation has been used by Barlat and Chung (2005) and Kim et al. (2007) , which enforces the deviatoric character of the plastic strain-rate tensor in a convenient way:
In Eq. (3), T designates the unit tensor in the space of fourth-order symmetric deviatoric tensors while the fourth-order array B contains anisotropy coefficients. For the case of orthotropic symmetry, these two tensors can be represented as the following 6 Â 6 arrays: 
In order to use these compact notations, the _ 
with components in the frame of material symmetry.
The following scalar functions are used in defining the strainrate potentials Srp93, Srp2004-18p and Srp2006-18p:
where e E i are the principal values of tensor_ e defined by the linear transformation of Eq. (3). The notations in Eq. (5) allow rewriting the existing members of the Srp-family of strain-rate potentials in the following compact forms:
where _ e is the effective plastic strain rate, which is the conjugate of the effective stress r under the plastic work rate equivalence principle. Eqs. (6b) and (6c) represent two different extensions of Eq. (6a), each of them using two linear transformations. The Srp2006-18p expression uses function / 1 twice, which may rise uniqueness problems during parameter identification. In Kim et al. (2007) , Srp2004-18p and Srp2006-18p have shown almost identical predictions and convergence behavior. Therefore, any of them could be used as a basis to further increase the number of linear transformations in the plastic potential expressions. In this perspective, Srp2006-18p has the advantage of a unique definition for odd number of transformations and it yields the most compact formula for a multiple transformation potential.
In this work, the following generalization is proposed, using multiple linear transformations of the plastic strain-rate tensor:
The expressions of Srp93 1 and Srp2006-18p are particular cases of the function proposed above, for N = 1 and N = 2. Larger N-values lead to new expressions, involving an increased mathematical flexibility -associated with an increased number of parameters. All these expressions can be designated as Srp2007-NÂ9p potentials.
The strain rate potentials w are proven to be convex (Rockafellar, 1970) in the space of the principal transformed strain rates e E i (note that the sum of two or more convex functions is also a convex function) and it is easy to show that they are also convex with respect to the plastic strain rate tensor (Kim et al., 2007) . Thus, all the potentials in the series generated with Eq. (7) are convex functions.
Parameter identification
Successful parameter identification is a key problem for the advanced potentials involving a large number of parameters. Moreover, the need for specific experimental measures that often differ from one model to another makes it almost impossible to consistently compare the predictions of different models.
It has been recently shown by Plunkett et al. (2008) that the identification of yield functions based on multiple linear transformations can be performed using experimental data obtained by mechanical tests. However, a more consistent approach for model comparison is provided by the texture-based identification introduced in the early 90s by Van Houtte et al. (1989) and Arminjon and Bacroix (1991) . In this case, a very large number of reference points is generated by means of a micromechanical model. These points are evenly distributed in the space of plastic strain-rate directions. For this purpose, the plastic strain-rate directions N ¼ _ e= j _ e j are represented by five-component unit vectors (Lequeu et al., 1987) , as shown in appendix. Such unit vectors can be described in the 5D space by four angles h 1 , h 2 , h 3 and h 4 (Gilormini et al., 1988) :
where 0 6 h 1 6 2p and 0 6 h i 6 p, for i between 2 and 4. Consequently, the element of area on the unit hypersphere defined in this way equals
The orthotropic symmetry of the texture of rolled materials allows for a reduction of the variation range of the four angles as follows (Arminjon and Bacroix, 1991) : 0 6 h 1 6 2p; À1 6 cosh 2 6 1; 0 6 h 3 /2 À sin2h 3 /4 6 p/4; 0 6 (2 + sin 2 h 4 )cosh 4 /3 6 2/3. These variation ranges are swept with regular intervals, yielding a discretisation of 40 Â 20 Â 10 Â 10 points, which correspond to unit vectors in the space of plastic strain-rates. Consequently, the number of reference points for the identification (80,000) is much larger than the number of parameters of the models. Moreover, this approach allows one to investigate the models' ability to describe the through-thickness anisotropy of the materials. Indeed, this type of anisotropic response is difficult (and most often impossible) to address by means of experimental testing. While most sheet metals are strained in the plane of the sheet during forming, several applications (e.g., multi-pass forming, thick sheet forming, hemming, etc.) may involve non-negligible through-thickness shear strains.
A rigid-plastic, ''full-constraints" Taylor model (Bishop and Hill, 1951 ) is used to generate the reference values used for the identification procedure. The families of slip systems considered are {1 1 1}h1 1 0i for fcc metals and {1 1 0}h1 1 1i, {112}h1 1 1i for bcc metals. The same critical resolved shear stress was considered on all slip systems; its value is not relevant for the current analysis since the calculated stresses are normalized by the resolved shear stress throughout. Hardening modeling is also not required, nor texture evolution, since only the initial yielding point is calculated. It is noteworthy that any other micromechanical model can be used to generate these reference yielding points for the parameter identification. Given a unit plastic strain rate tensor N, the corresponding average plastic work rate _ W 
with respect to the parameters of the chosen potential. The sum is performed over the 80,000 predefined strain rate directions discussed earlier. The values P P Taylor ðN i Þ are computed for all these directions. This is a lengthy task, but it has to be performed only once for each material. In the recent papers (Rabahallah et al., 2009; Van Houtte et al., 2008) , such procedures have been used for the parameter identification of various plastic strain-rate potentials and are described in detail.
4. Application to steel and aluminum alloy sheet metals
Materials and material parameters
The experimental textures of six polycrystalline materials have been used for the current investigation: three aluminum alloy sheets and three steel sheets. The three aluminum alloy sheets are an aluminum-magnesium-silicium alloy AA6016, an aluminum-magnesium aluminum alloy AA5182 and an AA6022 alloy. The steel sheets are an interstitial free mild steel DC06, a high strength Dual phase steel DP600 and a high strength low-alloyed steel HSLA340. All these materials are widely used in the automotive industry and have been thoroughly investigated in DS (2001), Haddadi et al. (2006) . The microstructure of the steel sheets has been investigated in Nesterova et al. (2001) and Gardey et al. (2005a,b) . The aluminum alloy AA6022 is investigated in Brem et al. (2005) . Fig. 1 shows the yield surfaces and the in-plane variation of Hill's anisotropy coefficient r ¼ _ e 2 = _ e 1 for the six materials under investigation, as predicted by the crystal plasticity model. The two high strength steels DP600 and HSLA are almost isotropic and their yield surfaces are very close to each other. The three aluminum alloy sheets exhibit r-values smaller than one, with a strong variation for AA6022. In contrast, the mild steel exhibits an average r-value of two, with an in-plane variation close to unity. The experimental r-values for all these materials as well as the predictions of several existing plastic potentials are available in Rabahallah et al. (2009) . The values of the material parameters identified for these materials and for the Srp2007 model involving up to six transformations are given in Tables 1-4. In the next section, these results are analyzed in terms of yield surface plots, strain-rate potential iso-values plots, r-value plots and parameter identification objective function values. Fig. 2 displays the yield surface for the AA6022 aluminum alloy as well as the DC06 mild steel, as predicted by Srp2007-2Â9p and Srp2007-4Â9p. Fig. 3 displays the deviatoric plane of the corresponding dual equipotential surfaces for the mild steel. One can see that Srp2007-4Â9p almost perfectly fits the reference points corresponding to the micromechanical model. However, the prediction provided by Srp2007-2Â9p is already very close to this reference. A more quantitative comparison can be made by considering the values of the objective function (10) as a measure of the closeness of each model to the reference data. Fig. 4 summarizes the values of the objective functions for the Srp2007 models for up to six linear transformations, for the six materials investigated. Fig. 4 gives a global picture of the respective ability of the various models to describe the plastic anisotropy of sheet metals. It appears clearly that considering up to four or five linear transformation in the Srp2007 expression allows for an improvement in accuracy and flexibility. However, the addition of the sixth transformation brings almost no improvement for the six materials and it appears useless to increase complexity beyond this value. While these conclusions are clearly reproduced for all the materials in this study, it is not obvious from Figs. 2 and 3 that a significant improvement has been obtained in the shape of the yield locus, e.g., when four linear transformations are used instead of only two for the DC06 mild steel sheet. Fig. 5 provides a different graphical representation of the five-dimensional equipotential surface predicted for the DC06 mild steel: a two-dimensional cut is made in this surface through a plane containing the two through-thickness shear components.
Analysis of results and discussion
2 It appears clearly from this graph that the use of more than two linear transformations improves the predictions in the whole five-dimensional space of possible plastic strain-rate directions, which explains the diminution of the corresponding error function by more than one order of magnitude. In contrast to the regular parameter identification method that uses mechanical test data, it is noteworthy here that the r-values have not been used for the identification. Consequently, they can be used as a means of validation. Using strain rate potentials, an iterative procedure is necessary to find the strain rate that leads to a uniaxial stress state, i.e., to a stress tensor for which all but one normal components are zero. Fig. 6 depicts the predictions of the r-values for all the materials analyzed in this work, as predicted by the Taylor model and by the Srp2007 models with up to six transformations. First, let us note that the Taylor model is known to predict the anisotropy coefficients rather poorly; this prevents the use of this data for the parameter identification by the current approach. Moreover, the crystal plasticity predictions in Fig. 6 are slightly noisy. From this figure and from Fig. 1b , it is obvious that for the aluminum alloys, the rvalue variation smoothly oscillates with a period of 10°. This angular value coincides with the step of discretization of the Euler angles when the orientation distribution function is constructed for each material (2016 crystallographic orientations are used to describe the orientation distribution function). Finally, it is important to note that the stress states used to illustrate the r-value variations in Fig. 6 are only approximations of true uniaxial states. Indeed, for anisotropic materials, uniaxial tension (stress tensor with all but one normal components set to zero) generates an in-plane shear strain rate component unless the tension direction is superimposed with one of the material symmetry axes. However, for the sake of simplicity in this work, a diagonal plastic strain-rate tensor with the principal values {1; -q ; q -1} is imposed in the loading frame. This procedure is widely used in association to the Taylor model (see, e.g., Van Houtte, 2001) , although it may generate spurious shear stresses.
Nevertheless, it is obvious from these graphs that additional linear transformations in the Srp2007 model improve the prediction 1.E-07
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Material Error function of the r-values for most materials. The predictions of the twotransformation model consistently improve the predictions with respect to the single-transformation one; yet they are still inaccurate for some materials. For all the materials investigated, however, the four-transformation and six-transformation versions laid very close to the micromechanical model predictions -remaining in the error range of the Taylor model itself. On the other side, the increased flexibility of the multiple-transformation potential sometimes led to numerous oscillations of the anisotropy coefficient curve. This may be due to the non-uniaxial character of the stress points mentioned earlier; indeed, the curvature of the yield surface is particularly large in the area of uniaxial tension and small variations in the stress state induce significant variations in the flow direction. Nonetheless, the range of these oscillations is of the same order of magnitude as for the Taylor model. These results also show that, especially for the more usual potentials (i.e., with one or two transformations), excluding the r-values from the reference data used for identification may lead to inaccurate results. This observation is well known in the case when a reduced number of experimental data are used for the identification. Here, the same conclusion is obtained even if the number of stress points is very large and evenly distributed in the whole space of possible loading directions.
Due to the restricted range of application of the Taylor model, the use of the current identification technique cannot eliminate completely the experimental results without loss of accuracy. Instead, it provides a consistent method to compare phenomenological plasticity models and it also allows, in combination with experimental results, for a better identification of the potential parameters affecting the through-thickness shear terms, which cannot be identified by means of experimental data only.
Conclusions
A new formulation of plastic strain-rate potentials has been proposed that includes as particular cases the previous members of the Srp-family of potentials. This expression allows for arbitrarily increasing the number of parameters. It has been shown that each additional linear transformation corresponds to a clear improvement in the flexibility of the obtained model, for a wide range of steel and aluminum alloy sheets, up to five transformations.
The use of the texture-based identification approach has shown that the through-thickness predictions of the Srp-models are also improving when additional linear transformations are used. The four-transformation version almost perfectly reproduces the micromechanical model for the particular materials studied in this work. This, as well as the use of a large set of evenly distributed reference points, is a major advantage of the texture-based identification approach.
In practice, this parameter identification technique is restricted to sheet metals where the considered micromechanical model is known to correctly describe the real plastic anisotropy of the material. In this case, this approach not only generates accurate parameters, but it does so at a much lower cost as compared to the experimental method. For most practical applications, however, experimental data (r-values, uniaxial and biaxial yield stresses, etc.) shall be used for the identification; if necessary, micromechanical calculations can be added (with a reduced weight in the objective function) to the experimental data set in order to identify all the parameters of the potential (Kim et al., 2007) .
Future work concerns the generalization of this approach to the Yld-family of yield criteria -as it has already been applied, e.g., by Plunkett et al. (2008) for the CB2006 criterion. 
The terms o e E k =o _ e are independent of the number of transformations in the potential and their calculation is provided in Kim et al. (2007) .
Appendix 2. Five-component notation for symmetric deviatoric tensors
Any symmetric, deviatoric, second-order tensor A contains only five independent components. Thus, the same tensor can be fully described by a five-component vector A 1 A 2 A 3 A 4 A 5 ½ T .
The choice of the five components is not unique. The following choice is made in this paper: This particular notation has several advantages. First, the norm of the five-component vector is equal to the norm of the tensor that it represents:
More generally, the result of the scalar products of second-and/or fourth-order tensors (symmetric and deviatoric) corresponds to the scalar products of their five-component vector and/or tensor counterparts. Additionally, this particular notation gives equivalent weights to each component of the plastic strain-rate tensor in the expression of plastic strain-rate potentials. Consequently, a von Mises-type plastic potential would be represented by identical cir- 
